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Abstract 
We examine the stability of some non-supersymmetric supergravity solutions that have been found 
recently. The first solution is ܣ݀ܵହ ൈ ܯ଺,  for ܯ଺ an stretched ܥܲଷ. We consider breathing and squashing 
mode deformations of the metric, and find that the solution is stable against small fluctuations of this kind. 
Next we consider type IIB solution of	ܣ݀ܵଶ ൈ ܯ଼, where the compact space is a ܷሺ1ሻ bundle over ܰሺ1,1ሻ. 
We study its stability under the deformation of ܯ଼ and the 5-form flux. In this case we also find that the 
solution is stable under small fluctuation modes of the corresponding deformations.   
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1. Introduction 
Selecting a stable solution among the many candidate supergravity solutions is a major problem in any 
Kaluza-Klein compactification. One way to guarantee the stability is to demand that the solution preserve 
a portion of supersymmetry [1-3]. In the absence of supersymmetry, on the other hand, it is difficult to 
conclude whether a particular solution is stable. In fact, one needs to examine the stability under small 
perturbations in all possible directions of the potential. Moreover, even if a solution is stable under such 
small perturbations, there still remains the question of stability under nonperturbative effects [4]. Finding 
non-supersymmetric stable solutions, however, becomes important if we are to construct realistic 
phenomenological models in which supersymmetry is spontaneously broken.  
Freund-Rubin solutions can be divided into two main classes depending on whether or not the compact 
space encompasses (electric) fluxes [5, 6]. When the flux has components only along the ܣ݀ܵ direction, it 
has been observed that the majority of solutions either preserve supersymmetry (and hence stable), or at 
least are perturbatively stable. For solutions that support flux in the compact direction (Englert type), 
however, supersymmetry is often broken. They are in fact suspected to be unstable, though, the direct 
computation of mass spectrum and determination of stability is more involved. Englert type solution of 
ܣ݀ܵସ ൈ ܵ଻, for instance, was shown to be unstable [7], and this was further generalized to seven 
dimensional spaces which admit at least two Killing spinors [8]. Pope-Warner solution is another non-
supersymmetric example which supports flux in the compact direction [9], and was proved to be unstable 
much later [10]. Englert type solutions, in spite of their possible instability, have played a key role in 
studying the holographic superconductors. By employing similar techniques that we use in this paper, 
domain wall solutions were found that interpolate between the Englert type and the skew-whiffed solutions. 
The domain wall solutions were then used to describe holographic superconductor phase diagrams [11].  
The stability of Freund-Rubin type geometries of the form ܣ݀ܵ௣ ൈ ܯ௤, where ܣ݀ܵ௣ is anti-de Sitter 
spacetime and ܯ௤	a compact manifold, has also increasingly been studied after the discovery of the 
AdS/CFT correspondence [12]. Stability is important for understanding a possible dual conformal field 
theory (CFT) description. For stable solutions, the spectrum of the masses directly yields the dimensions of 
certain operators in such a CFT. Unstable solutions can still have a dual CFT description but the physics is 
different [13]. Since the curvature of ܣ݀ܵ is negative, not all the tachyonic modes lead to instability. In 
fact, scalars with ݉ଶ ൏ 0 may also appear if their masses are not below a bound set by the curvature scale 
of ܣ݀ܵ [3].  
Recently, some new non-supersymmetric compactifying solutions of eleven-dimensional supergravity 
and type IIB supergravity have been found [14, 15]. Specifically, the eleven-dimensional supergravity 
solution consists of	ܣ݀ܵହ ൈ ܯ଺, where for ܯ଺ there are two possible choices. For the first solution ܯ଺ 
is	ܥܲଷ with the standard Fubini-Study metric, which was derived and studied in [16], and it was further 
shown that is perturbatively stable [17]. For the second solution ܵଶ fibers of ܥܲଷ are slightly stretched with 
respect to the base manifold. Type IIB solution, on the other hand, is	ܣ݀ܵଶ ൈ ܯ଼, where ܯ଼ is a ܷሺ1ሻ 
bundle over ܰሺ1,1ሻ. All these solutions have fluxes in the compact direction, they break supersymmetry 
and therefore it is important to know whether they are stable.  
It is also interesting to see how these new solutions might arise from near horizon geometries of some 
particular brane configurations. This would then lead us to the construction of the CFT duals [18]. For the 
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eleven-dimensional supergravity solutions, first notice that the compact manifold admits a nontrivial 2-
cycle over which we can wrap branes. Therefore, one way to get the ܣ݀ܵହ factor is to construct a Ricci flat 
cone over the compact manifold and then consider fractional 3-branes (wrapped M5-branes over the 2-
cycles) in the orthogonal directions placed at the tip of the cone. The near horizon geometry of this brane 
configuration would be ܣ݀ܵହ ൈ ܯ଺. Similarly, for the type IIB case, since ܯ଼ is Einstein and admits 
nontrivial 3-cycles, we can construct a Ricci flat cone over it, and then put fractional D0-branes (D3-branes 
wrapped over 3-cycles of		ܯ଼) at the tip of the cone. Therefore we expect	ܣ݀ܵଶ ൈ ܯ଼		solution to arise as 
the near horizon limit of this D0-brane configuration.  
In this paper we examine the stability of solutions under small perturbations of the metric. For getting 
consistent equations of motion on ܣ݀ܵ, however, we also need to introduce deformations of the fluxes. 
Here we follow an approach which is close to that of [19, 20].  For compactification to ܣ݀ܵହ the metric 
deformations correspond to the breathing and squashing modes. Including the deformation of the 4-form 
flux would correspond to three massive mode excitations on the ܣ݀ܵ space. In type IIB case, however, the 
bundle structure of the compact manifold allows a more general deformation, which, in turn, results in 
seven massive mode excitations. Apart from deriving the mass spectrum of small fluctuations, our approach 
has the advantage of providing us with a set of consistent reduced equations on ܣ݀ܵ space, so that any 
solution to these equations can be uplifted to a supergravity solution in eleven or ten dimensions.  
2. Stability of  ࡭ࢊࡿ૞ ൈ ࡯ࡼ૜ compactification  
In this section we consider the solution	ܣ݀ܵହ ൈ ܯ଺, where	ܯ଺ is	ܥܲଷ	written as an ܵଶ bundle over ܵସ 
[14], and study its stability under small perturbations. We start by deforming the metric along the fiber and 
the base by some unknown scalar functions on ܣ݀ܵହ. To get consistent reduced equations we see that the 
4-form flux also needs to be deformed. After deriving the curvature tensor of the metric we write the 
supergravity equations of motion, and then linearize the equations around the known solutions. This allows 
us to read the mass of the small fluctuations corresponding to those deformations. If the mass squared falls 
in the Breitenlohner-Freedman range then the solution is stable against such perturbations.  
To begin with, let us take the eleven dimensional spacetime to be the direct product of a 5 and 6-
dimensional spaces, 
  ݀ݏଵଵଶ ൌ ݀ݏ஺ௗௌఱଶ ൅ ݀ݏ଺ଶ.  (1) 
For the 6-dimensional space the metric reads 
 ݀ݏ଺ଶ ൌ ݀ߤଶ ൅ ଵସ ݏ݅݊ଶߤ Σ௜ଶ ൅ ߣଶሺ݀ߠ െ ݏ݅݊ ߶ ܣଵ ൅ ܿ݋ݏ ߶ ܣଶሻଶ  
 ൅ߣଶݏ݅݊ଶߠሺ݀߶ െ ܿ݋ݐߠሺܿ݋ݏ߶ܣଵ ൅ ݏ݅݊߶ܣଶሻ ൅ ܣଷሻଶ , (2) 
with ߣ the squashing parameter, and 
  ܣ௜ ൌ ܿ݋ݏଶ ఓଶ Σ௜,  (3) 
  ݀Σ௜ ൌ െ
ଵ
ଶ ߳௜௝௞Σ௝ ∧ Σ௞ . 
 
(4) 
This is an ܵଶ bundle over ܵସ, and for ߣଶ ൌ 1 we get the Fubini-Study metric on ܥܲଷ.  
To discuss the stability, we deform the metric as follows: 
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݀̅ݏଶ ൌ ݁ଶ஺ሺ௫ሻ݃ఈఉ݀ݔఈ݀ݔఉ   
൅	݁ଶ஻ሺ௫ሻሺ݀ߤଶ ൅ ଵସ ݏ݅݊ଶߤ	Σ௝ଶሻ ൅ ݁ଶ஼ሺ௫ሻሺ݀ߠ െ ݏ݅݊ ߶ ܣଵ ൅ ܿ݋ݏ ߶ ܣଶሻଶ   
				൅	݁ଶ஼ሺ௫ሻݏ݅݊ଶߠሺ݀߶ െ ܿ݋ݐߠሺܿ݋ݏ߶ܣଵ ൅ ݏ݅݊߶ܣଶሻ ൅ ܣଷሻଶ , 
  (5) 
where ݃ఈఉ is the ܣ݀ܵହ metric, and ܣሺݔሻ, ܤሺݔሻ, and ܥሺݔሻ	are arbitrary scalar functions on ܣ݀ܵହ. In fact, 
ܤሺݔሻ and ܥሺݔሻ	correspond to what is usually called the breathing and the squashing mode deformations.  
We choose the following vielbein basis 
 
 ݁̅ఈ ൌ ݁஺ሺ௫ሻ݁ఈ ߙ ൌ 0ത, 1ത, 2ത, 3ത, 4ത  
  ݁̅଴ ൌ ݁஻ሺ௫ሻ݁଴   
   ݁̅௜ ൌ ݁஻ሺ௫ሻ݁௜ ݅ ൌ 1, 2, 3  
     ݁̅௔ ൌ ݁஼ሺ௫ሻ݁௔ ܽ ൌ 5, 6, (6) 
where the indices ߙ, ߚ, … indicate the 5d spacetime coordinates, and the rest are related to the 6-dimensional 
space, and 
         ݁଴ ൌ ݀ߤ,         ݁௜ ൌ ଵଶ sin ߤ Σ௜, 
         ݁ହ ൌ ߣሺ݀ߠ െ sin߶ ܣଵ ൅ cos߶ ܣଶሻ,  
  ݁଺ ൌ ߣ sin ߠ ሺ݀߶ െ cot ߠ ሺcos߶ ܣଵ ൅ sin߶ ܣଶሻ ൅ ܣଷሻ . (7) 
Evaluation of the Ricci tensor of this deformed metric yields 
  തܴఈఉ ൌ ݁ିଶ஺൛ܴఈఉ െ ׏ଶܣߜఈఉ ൅ 4 ఉ߲ܤ߲ఈሺܣ െ ܤሻ ൅ 2 ఉ߲ܥ߲ఈሺܣ െ ܥሻൟ,  (8) 
     തܴ௜௝ ൌ ൫3݁ିଶ஻ െ ݁ଶሺ஼ିଶ஻ሻ െ ݁ିଶ஺׏ଶܤ൯ߜ௜௝,  (9) 
     തܴ௔௕ ൌ ൫݁ିଶ஼ ൅ ݁ଶሺ஼ିଶ஻ሻ െ ݁ିଶ஺׏ଶܥ൯ߜ௔௕ . (10) 
Next, as in [14], we want to write a similar ansatz for the gauge field strength. However, since we have 
perturbed the metric with some scalar functions on ܣ݀ܵ space we must add an extra term for consistency. 
Further, it is easier first to write the Hodge dual ansatz as follows 
  ∗തଵଵ ܨସ ൌ ߳ହ̅ ∧ ሺߙሺݔሻ ݁ହ଺ ൅ ߛሺݔሻ ܭሻ ൅∗തହ ݀ߟ ∧ ܫ݉Ω , (11) 
 
where we have defined, 
ܴଵ ൌ ݏ݅݊߶ሺ݁଴ଵ ൅ ݁ଶଷሻ െ ܿ݋ݏ߶ሺ݁଴ଶ ൅ ݁ଷଵሻ,  (12) 
ܴଶ ൌ cos ߠ cos߶ ሺ݁଴ଵ ൅ ݁ଶଷሻ ൅ cos ߠ sin߶ ሺ݁଴ଶ ൅ ݁ଷଵሻ െ sin ߠ ሺ݁଴ଷ ൅ ݁ଵଶሻ , (13) 
ܭ ൌ sin ߠ cos߶ ሺ݁଴ଵ ൅ ݁ଶଷሻ ൅ sin ߠ sin߶ ሺ݁଴ଶ ൅ ݁ଷଵሻ ൅ cos ߠ ሺ݁଴ଷ ൅ ݁ଵଶሻ,   (14) 
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      ܴ݁Ω ൌ ܴଵ ∧ ݁ହ ൅ ܴଶ ∧ ݁଺,  (15) 
ܫ݉Ω ൌ ܴଵ ∧ ݁଺ െ ܴଶ ∧ ݁ହ,   (16) 
߱ସ ൌ ݁଴ ∧ ݁ଵ ∧ ݁ଶ ∧ ݁ଷ.    (17) 
As ܨସ ∧ ܨସ ൌ 0 (see (21)), the Maxwell equation reads 
  ݀ ∗തଵଵ ܨସ ൌ ߳ହ̅ ∧ ሺߙ െ ߛሻ ∧ ܫ݉Ω ൅ ݀ ∗തହ ݀ߟ ∧ ܫ݉Ω ൌ 0 , (18) 
where we used [14], 
  		݀݁ହ଺ ൌ ܫ݉Ω , ݀ܭ ൌ െܫ݉Ω , ݀ܫ݉Ω ൌ 0.  (19) 
Hence, Maxwell equation implies 
  ׏ଶߟ ൌ ߛሺݔሻ െ ߙሺݔሻ , (20) 
where ׏ଶൌ∗തହ ݀ ∗തହ ݀. Changing the basis through (6), from (11) we see that 
  ∗തଵଵ ܨସ ൌ ߳ହ̅ ∧ ൫ߙ݁ିଶ஼ሺ௫ሻ݁̅ହ଺ ൅ ߛ݁ିଶ஻ሺ௫ሻܭഥ൯ ൅ ݁ିଶ஻ሺ௫ሻି஼ሺ௫ሻ ∗തହ ݀ߟ ∧ ܫ݉തതതതΩ , (21) 
where bar indicates barred basis in (6). Therefore, for ܨସ we find 
 
  ܨସ ൌ െߙሺݔሻ݁ିଶ஼ሺ௫ሻ ഥ߱ସ െ ߛሺݔሻ݁ିଶ஻ሺ௫ሻܭഥ ∧ ݁̅ହ଺ ൅ ݁ିଶ஻ሺ௫ሻି஼ሺ௫ሻ݀ߟ ∧ ܴ݁തതതതΩ . (22) 
Let us now check the Bianchi identity ݀ܨସ ൌ 0. Since ݀߱ସ ൌ 0, ܴ݀݁Ω ൌ 4߱ସ െ 2݁ହ଺ ∧ ܭ, and also 
	ܫ݉Ω ∧ ܭ ൌ ܫ݉Ω ∧ ݁ହ଺ ൌ 0, the Bianchi identity requires 
െ݀൫ߙ݁ସ஻ሺ௫ሻିଶ஼ሺ௫ሻ൯ ൌ 4݀ߟ,  
  ݀൫ߛ݁ଶ஼ሺ௫ሻ൯ ൌ 2݀ߟ. (23) 
The above equations, in turn, imply 
  ߛሺݔሻ ൌ െ ଵଶ ߙሺݔሻ݁ସ஻ሺ௫ሻିସ஼ሺ௫ሻ ൅
ଵ
ଶ ߙ଴ሺ݁ିଶ஼భ ൅ 2݁ଶ஼భሻ݁ିଶ஼ሺ௫ሻ, (24) 
where ߙ଴ and ܥଵ are two constants. Using (20) and (24), the equation of motion for ߙ reads 
  ׏ଶߙ ൌ െ4ߙ ׏ଶܤ ൅ 2ߙ ׏ଶܥ െ 4ሾߛ െ ߙሿ݁ିସ஻ାଶ஼ , (25) 
as we will later expand around constant solutions, here we have dropped quadratic derivative terms.        
Next, let us turn to the Einstein equations [14]: 
  
  ܴெே ൌ
ଵ
ଵଶ ܨெ௉ொோܨே
௉ொோ െ ଵଷ.ସ଼ ݃ெேܨ௉ொோௌܨ௉ொோௌ,  (26) 
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where ܯ,ܰ, ܲ, … 	ൌ 	0, 1, …	, 10. With ansatz (22), we can calculate the right hand side of the above 
equations: 
    തܴ௜௝ ൌ ሺଵଷ ߙଶ݁ିସ஼ሺ௫ሻ ൅
ଵ
଺ ߛଶ݁ିସ஻ሺ௫ሻሻߜ௜௝,  (27) 
    		 തܴ௔௕ ൌ ሺെ ଵ଺ ߙଶ݁ିସ஼ሺ௫ሻ ൅
ଶ
ଷ ߛଶ݁ିସ஻ሺ௫ሻሻߜ௔௕ . (28) 
Using (9) and (10) on the LHS of the above equations yields 
    3݁ିଶ஻ െ ݁ଶሺ஼ିଶ஻ሻ െ ݁ିଶ஺׏ଶܤ ൌ ଵଷ ߙଶ݁ିସ஼ ൅
ଵ
଺ ߛଶ݁ିସ஻,  (29) 
    ݁ିଶ஼ ൅ ݁ଶሺ஼ିଶ஻ሻ െ ݁ିଶ஺׏ଶܥ ൌ െଵ଺ ߙଶ݁ିସ஼ ൅
ଶ
ଷ ߛଶ݁ିସ஻.  (30) 
Combining (24), (25), (29) and (30), we get three equations which have a constant solution ߙ଴ଶ ൌ 4, ܥଵ ൌ
ܤଵ ൌ 0 corresponding to the first solution in [14] with ߣଶ ൌ 1. To study the small fluctuations, we expand 
around this constant solution and only keep the linear terms to get 
  ׏ଶߙ ൌ 22ߙ ൅ ଵ଻଺ଷ ܤ െ
ହ଺
ଷ ܥ,  
׏ଶܤ ൌ െߙ ൅ ଵ଴ଷ ܤ ൅
ଵସ
ଷ ܥ, 
  
                    ׏ଶܥ ൌ 2ߙ ൅
ହଶ
ଷ ܤ ൅
଼
ଷ ܥ. (31) 
Our next task is to find the mass spectrum. This is easily found by diagonalizing the mass matrix 
appearing on the RHS of equations (31). The mass spectrum reads  
  
                ॸ ൌ ݀݅ܽ݃ሺെ2, 12, 18ሻ.  (32) 
To see whether the first mode is stable, we need to invoke the Breitenlohner-Freedman (BF) stability bound 
on ܣ݀ܵௗାଵwhich requires 
  
           ݉ଶ ൒ ݉஻ிଶ ൌ െ
ௗమ
ସ  , (33) 
for the mode to be stable. For ܣ݀ܵହ we need to have ݉ଶ ൒ െ4, so we conclude that the solution is stable 
against all three fluctuation modes. This conclusion agrees with the result of [17] who proved the stability 
of this particular solution by analyzing the spectrum of forms on ܥܲଷ. 
  The squashed solution in [14] with ߣଶ ൌ 2, on the other hand, here corresponds to a solution with ߙ଴ଶ ൌ 4, 
ܤଵ ൌ 0, and ݁ଶ஼భ ൌ 2. Expanding and linearizing the three equations (25), (29) and (30) around this 
solution we find  
 		׏ଶߙ ൌ 13ߙ െ ସ଴ଷ ܤ ൅
ଶଷଶ
ଷ ܥ,  
		׏ଶܤ ൌ െଵସ ߙ ൅
ଵ଺
ଷ ܤ െ
ଵ
ଷ ܥ,  
  
                   ׏ଶܥ ൌ
ଵ
ଶ ߙ ൅
ଵ଺
ଷ ܤ ൅
ଷହ
ଷ ܥ.   (34) 
Diagonalizing the mass spectrum we find 
  
             ॸ ൌ ݀݅ܽ݃ሺ3, 9, 18ሻ,  (35) 
which is clearly stable.   
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3. Stability of type IIB compactifications to ࡭ࢊࡿ૛ 
Another solution that we would like to study its stability is a compactification of type IIB theory on a 
ܷሺ1ሻ bundle over ܰሺ1,1ሻ. Let us start by taking the following seven-dimensional metric of ܰሺ1,1ሻ [15]: 
݀ݏேሺଵ,ଵሻଶ ൌ ݀ߤଶ ൅ ଵସ ݏ݅݊ଶߤሺΣଵଶ ൅ Σଶଶ ൅ ܿ݋ݏଶߤΣଷଶሻ ൅ ߣଶሺ݀ߠ െ sin߶ ܣଵ ൅ cos߶ ܣଶሻଶ    
    ൅ߣଶݏ݅݊ଶߠሺ݀߶ െ cot ߠሺcos߶ ܣଵ ൅ sin߶ ܣଶሻ ൅ ܣଷሻଶ ൅ ߣሚଶሺ݀߬ െ ܣሻଶ , (36) 
where ߣ and ߣሚ are the squashing parameters, and 
  ܣଵ ൌ cos ߤ Σଵ, ܣଶ ൌ cos ߤ Σଶ,       ܣଷ ൌ ଵଶ ሺ1 ൅ cosଶ ߤሻΣଷ,  (37) 
and, 
  
          ܣ ൌ cos ߠ ݀߶ ൅ sin ߠ ሺcos߶ ܣଵ ൅ sin߶ ܣଶሻ ൅ cos ߠ ܣଷ . (38) 
Note that the base manifold admits a closed 2-form, the Kähler form: 
    ܬ ൌ ଵସ ݀ܽ ൌ
ଵ
ସ ݀ሺݏ݅݊ଶߤΣଷሻ ൌ ݁଴ଷ െ ݁ଵଶ , (39) 
so that ݀ܬ ൌ 0. Therefore, we can construct a ܷሺ1ሻ bundle over ܰሺ1,1ሻ  as follows 
    ݀ݏଶ଼ ൌ ݀ݏேሺଵ,ଵሻଶ ൅ ߣመଶሺ݀ݖ െ ܽሻଶ , (40) 
with ߣመ measuring the scale of new U(1) fiber.  
To discuss the small fluctuations, as in previous section, we perturb the metric by scalar functions on 
ܣ݀ܵଶ as follows:  
݀̅ݏଵ଴ଶ ൌ ݁ଶ஺ሺ௫ሻ݀ݏ஺ௗௌమଶ ൅ ݁ଶ஻ሺ௫ሻ ൬݀ߤଶ ൅ ଵସ ݏ݅݊ଶߤሺΣଵଶ ൅ Σଶଶ ൅ ܿ݋ݏଶߤΣଷଶሻ൰  
      ൅	݁ଶ஼ሺ௫ሻሺ݀ߠ െ sin߶ ܣଵ ൅ cos߶ ܣଶሻଶ  
    ൅	݁ଶ஼ሺ௫ሻሺݏ݅݊ଶߠሺ݀߶ െ cot ߠሺcos߶ ܣଵ ൅ sin߶ ܣଶሻ ൅ ܣଷሻଶሻ   
										൅	݁ଶாሺ௫ሻሺ݀߬ െ ܣሻଶ ൅ ݁ଶ஽ሺ௫ሻሺ݀ݖ െ ܽሻଶ . (41) 
Let us choose the following basis, 
         ݁̅ఈ ൌ ݁஺ሺ௫ሻ݁ఈ																	ߙ ൌ 0෨, 1෨   
         ݁̅௜ ൌ ݁஻ሺ௫ሻ݁௜																			݅ ൌ 0,1,2,3  
         ݁̅௔ ൌ ݁஼ሺ௫ሻ݁௔																	ܽ ൌ 5,6  
 ݁̅଻ ൌ ݁ாሺ௫ሻ݁଻,						଼݁̅ ൌ ݁஽ሺ௫ሻ଼݁,   (42) 
where, 
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݁଴ ൌ ݀ߤ,  ݁ଵ ൌ ଵଶ sin ߤ Σଵ,          ݁ଶ ൌ
ଵ
ଶ sin ߤ Σଶ,           ݁ଷ ൌ
ଵ
ଶ sin ߤ cos ߤ Σଷ, 
݁ହ ൌ ሺ݀ߠ െ sin߶ ܣଵ ൅ cos߶ ܣଶሻ,  
݁଺ ൌ sin ߠ ሺ݀߶ െ cot ߠ ሺcos߶ ܣଵ ൅ sin߶ ܣଶሻ ൅ ܣଷሻ,  
݁଻ ൌ ݀߬ െ ܣ,					଼݁ ൌ ݀ݖ െ ܽ . (43) 
Now in terms of the barred basis the Ricci tensor is diagonal and reads, 
       
തܴ௜௝ ൌ ൫6݁ିଶ஻ െ 4݁ଶሺ஼ିଶ஻ሻ െ 2݁ଶሺாିଶ஻ሻ െ 8݁ଶሺ஽ିଶ஻ሻ െ ݁ିଶ஺׏ଶܤ൯ߜ௜௝,  
 
  
തܴ௔௕ ൌ ቀ4݁ଶሺ஼ିଶ஻ሻ െ ଵଶ ݁ଶሺாିଶ஼ሻ ൅ ݁ିଶ஼ െ ݁ିଶ஺׏ଶܥቁ ߜ௔௕,  
 
തܴ଻଻ ൌ 4݁ଶሺாିଶ஻ሻ ൅ ଵଶ ݁ଶሺாିଶ஼ሻ െ ݁ିଶ஺׏ଶܧ,  
      ത଼଼ܴ ൌ 16݁ଶሺ஽ିଶ஻ሻ െ ݁ିଶ஺׏ଶܦ.  (44) 
To write the self-dual 5-form field strength ansatz, we follow the prescription presented in [15]. 
However, as the metric is deformed by scalar functions we need to add some extra terms. Let us start by 
writing the following 5-form 
߱ହ ൌ ሺߙ݁ିସ஻ି஽ ഥ߱ସ ൅ ߚ݁ିଶ஻ିଶ஼ି஽ܭഥ ∧ ݁̅ହ଺ ൅ ߛ݁ିଶ஻ି஼ିாି஽݁̅଻ ∧ ܫ݉തതതതΩሻ ∧ ଼݁̅  
൅	ߦ݁ିଶ஻ିଶ஼ିாܬ ̅ ∧ ݁̅ହ଺଻ ൅ ݁ିଶ஻ି஼ି஽݀ߟଵ ∧ ܴ݁തതതതΩ ∧ ଼݁̅  
  
           ൅	݁ିଶ஼ିாି஽݀ߟଶ ∧ ݁̅ହ଺ ∧ ݁̅଻଼ ൅ ݁ିଶ஻ିாି஽݀ߟଷ ∧ ܭഥ ∧ ݁̅଻଼,  (45) 
with ߙ, ߚ, ߛ, ߦ, ߟଵ, ߟଶ, and ߟଷ are now taken to be scalar functions over spacetime and barred basis are 
defined as in (42). Requiring ߱ହ to be closed, we get 
    
݀ߦ െ 4݀ߟଶ ൌ 0,  
 
െ݀ߛ െ 2݀ߟଶ ൅ ݀ߟଷ ൌ 0,  
 
݀ߙ െ 8݀ߟଵ െ 4݀ߟଷ ൌ 0,  
 
݀ߚ ൅ 2݀ߟଵ െ 2݀ߟଶ െ ݀ߟଷ ൌ 0,   (46) 
where for ܰሺ1,1ሻ we used ݀݁ହ଺ ൌ 2	ܫ݉Ω	, ݀ܭ ൌ െܫ݉Ω, and ܴ݀݁Ω ൌ 8߱ସ െ 2݁ହ଺ ∧ ܭ (these are 
different from the ones in previous section as the bases are different). Solving the above equations for ߙ we 
get 
    ߙ ൌ െ4ߚ ൅ 6ߦ ൅ 8ߛ ൅ 4ߚ଴ െ 6ߦ଴ െ 8ߛ଴.  (47) 
8 
 
Now, taking the Hodge dual of (45) (with ߳଴෩ଵ෩଴ଵଶଷହ଺଻଼ ൌ 1, where 0෨  and 1෨  refer to ܣ݀ܵଶ coordinates), we 
find 
    
∗തଵ଴ ߱ହ ൌ ሺെߙ݁ିସ஻ି஽݁̅ହ଺଻ െ ߚ݁ିଶ஻ିଶ஼ି஽ܭഥ ∧ ݁̅଻ሻ ∧ ߳ଶ̅  
																									൅ሺߛ݁ିଶ஻ି஼ିாି஽ܴ݁തതതതΩ െ ߦ݁ିଶ஻ିଶ஼ିாܬ ̅ ∧ ଼݁̅ሻ ∧ ߳ଶ̅  
																									൅݁ିଶ஻ି஼ି஽ ∗ത ݀ߟଵ ∧ ܫ݉തതതതΩ ∧ ݁̅଻ ൅ ݁ିଶ஼ିாି஽ ∗ത ݀ߟଶ ∧ ഥ߱ସ  
                      ൅݁ିଶ஻ିாି஽ ∗ത ݀ߟଷ ∧ ܭഥ ∧ ݁̅ହ଺. (48) 
Requiring the above 5-form to be closed results to the following equations 
               2ߙ݁ିସ஻ାଶ஼ାாି஽ ൅ ߚ݁ିଶ஼ି஽ାா ൅ 2ߛ݁ି஽ିா െ ݁ଶ஼ିாି஽	׏ଶߟଷ ൌ 0,  
               4ߚ݁ିଶ஼ି஽ାா െ 8ߛ݁ି஽ିா ൅ 8ߦ݁ିଶ஼ିாା஽ െ ݁ସ஻ିଶ஼ିாି஽	׏ଶߟଶ ൌ 0,  
       2ߙ݁ିସ஻ାଶ஼ାாି஽ െ ߚ݁ିଶ஼ି஽ାா െ ݁ாି஽ ׏ଶߟଵ ൌ 0.    (49) 
Using (46) and (49), we can find three equations 
׏ଶߦ ൌ 16ߚ݁ିସ஻ାଶா െ 32ߛ݁ିସ஻ାଶ஼ ൅ 32ߦ݁ିସ஻ାଶ஽,  
׏ଶߛ ൌ 2ߙ݁ିସ஻ାଶா ൅ ߚሺ݁ିସ஼ାଶா െ 8݁ିସ஻ାଶாሻ  
												൅	ߛሺ2݁ିଶ஼ ൅ 16݁ିସ஻ାଶ஼ሻ െ 16ߦ݁ିସ஻ାଶ஽,  
׏ଶߚ ൌ 2ߙሺ݁ିସ஻ାଶா െ 2݁ିସ஻ାଶ஼ሻ ൅ 	ߚሺ݁ିସ஼ାଶா ൅ 2݁ିଶ஼ ൅ 8݁ିସ஻ାଶாሻ  
										൅	2ߛሺ݁ିଶ஼ െ 8݁ିସ஻ାଶ஼ሻ ൅ 16ߦ݁ିସ஻ାଶ஽.    (50) 
With these constraints on scalar functions we can now write down the ansatz for the self-dual 5-form: 
    ܨതହ ൌ∗തଵ଴ ߱ହ ൅ ߱ହ  (51) 
which satisfies the equation of motion ݀ ∗ ܨହ ൌ 0. 
Let us now consider the Einstein equations, taking the dilaton and axion to be constant, in the Einstein 
frame we have [15]: 
ܴெே ൌ ଵସ.ସ! ቀܨெ௉ொோௌܨே
			௉ொோௌ െ ଵଵ଴ ܨ௉ொோௌ௅ܨ௉ொோௌ௅݃ெேቁ  (52) 
൅௘షഝସ ቀܪெ௉ொܪே
			௉ொ െ ଵଵଶܪ௉ொோܪ௉ொோ݃ெேቁ ൅
௘ഝ
ସ ቀܨெ௉ொܨே
௉ொ െ ଵଵଶ ܨ௉ொோܨ௉ொோ݃ெேቁ.  
Using (44) and (51), the Einstein equations reduce to the following equations: 
6݁ିଶ஻ െ 4݁ଶሺ஼ିଶ஻ሻ െ 2݁ଶሺாିଶ஻ሻ െ 8݁ଶሺ஽ିଶ஻ሻ െ ݁ିଶ஺׏ଶܤ ൌ ఈమସ ݁ି଼஻ିଶ஽,             
4݁ଶሺ஼ିଶ஻ሻ െ ଵଶ ݁ଶሺாିଶ஼ሻ ൅ ݁ିଶ஼ െ ݁ିଶ஺׏ଶܥ ൌ െ
ఈమ
ସ ݁ି଼஻ିଶ஽ ൅
ఉమ
ଶ ݁ିସ஻ିସ஼ିଶ஽ ൅
కమ
ଶ ݁ିସ஻ିସ஼ିଶா,  
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4݁ଶሺாିଶ஻ሻ ൅ ଵଶ ݁ଶሺாିଶ஼ሻ െ ݁ିଶ஺׏ଶܧ ൌ  
                                       െఈమସ ݁ି଼஻ିଶ஽ െ
ఉమ
ଶ ݁ିସ஻ିସ஼ିଶ஽ ൅
కమ
ଶ ݁ିସ஻ିସ஼ିଶா ൅ ߛଶ݁ିଶாିସ஻ିଶ஼ିଶ஽,  
16݁ଶሺ஽ିଶ஻ሻ െ ݁ିଶ஺׏ଶܦ ൌ  
  ఈ
మ
ସ ݁ି଼஻ିଶ஽ ൅
ఉమ
ଶ ݁ିସ஻ିସ஼ିଶ஽ െ
కమ
ଶ ݁ିସ஻ିସ஼ିଶா ൅ ߛଶ݁ିଶாିସ஻ିଶ஼ିଶ஽.  (53) 
The solution found in [15] corresponds to the following constant solution of equations (50) and (53): 
ߙ଴ ൌ ଷଶ ,   ߚ଴ ൌ
ଷ
ଵ଺ ,   ߛ଴ ൌ െ
ଷ
ଵ଺ ,   ߦ଴ ൌ െ
ଷ
଼ ,   ݁ଶ஼భ ൌ ݁ଶாభ ൌ
ଵ
ସ ,   ݁ଶ஽భ ൌ
ଷ
ଵ଺ .   
(54) 
To discuss the stability of this solution, we linearize equations (50) and (53) about the above solution 
to get, 
    ׏ଶܤ ൌ 24ܤ െ 2ܥ െ ܧ ൅ 3ܦ ൅ 16ߚ െ 24ߦ െ 32ߛ,  
    ׏ଶܥ ൌ െ4ܤ ൅ 26ܥ ൅ 5ܧ െ 3ܦ െ 32ߚ ൅ 48ߦ ൅ 32ߛ,  
 ׏ଶܧ ൌ െ4ܤ ൅ 10ܥ ൅ 21ܧ െ 3ܦ ൅ 48ߦ ൅ 64ߛ,  
    ׏ଶܦ ൌ 12ܤ െ 6ܥ െ 3ܧ ൅ 21ܦ െ 48ߦ,  
 ׏ଶߚ ൌ 3ܤ െ ଽଶ ܥ ൅
ଵହ
ସ ܧ െ
ଽ
ସܦ ൅ 16ߚ,  
 ׏ଶߦ ൌ 3ܥ ൅ ଷଶܧ െ
ଽ
ଶܦ ൅ 4ߚ ൅ 6ߦ െ 8ߛ,  
 ׏ଶߛ ൌ െ3ܤ െ ଷଶ ܥ ൅
ଽ
ସܧ ൅
ଽ
ସܦ ൅ 16ߛ.  (55) 
As in previous section, we can diagonalize the RHS of (55) to find the mass spectrum:  
  
  ॸ ൌ ݀݅ܽ݃ሺ2.14, 2.14, 12, 24, 29.85, 29.85, 30ሻ,  (56) 
with all the eigenvalues positive, we conclude that the solution (54) is stable against small fluctuations. 
 
4. Conclusions 
In this paper we examined the stability of some recently found non-supersymmetric solutions of ten and 
eleven dimensional supergravity. We perturbed the metric and the form fluxes by some space-time 
dependent scalar functions so that to reduce the equations of motion consistently on ܣ݀ܵ space. We then 
linearized these equations around solutions corresponding to those of [14] and [15].  For the 
compactification of the form ܣ݀ܵହ ൈ ܯ଺, we found that the two solutions, with squashing parameters of 
ߣଶ ൌ 1 and ߣଶ ൌ 2, are both stable against the kind of small fluctuations that correspond to the breathing 
and the squashing modes. This result is in agreement with the analysis of [17] who proved the stability in 
the case of ߣଶ ൌ 1 using a different approach. For type IIB solution of ܣ݀ܵଶ ൈ ܯ଼, on the other hand, we 
observed that there are more modes that can be consistently excited on ܣ݀ܵ space. We derived the equations 
of motion of these modes, and by linearizing them around the solution of [15] showed that this solution is 
also stable.  
We showed that the solutions of [14, 15] are stable against some particular small perturbations of the 
metric and the fluxes. However, to complete the proof of stability one needs to consider more general 
perturbations and study their spectrum. Moreover, having proved that a solution is perturbatively stable 
there still remains to check the solution against nonperturbative instabilities [4]. Recently, the authors of 
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[21] showed that there is an instanton solution which destabilizes the ܣ݀ܵହ ൈ ܥܲଷ solution, and hence 
concluded that it is nonperturbatively unstable. It is therefore interesting to see whether similar instanton 
solutions exist for	ܣ݀ܵଶ ൈ ܯ଼.  
The method we used in this paper led us to a set of consistent reduced equations on ܣ݀ܵ space. 
Consequently, a solution of these reduced equations can be uplifted to derive new eleven-dimensional or 
type IIB solutions. Therefore, apart from deriving the mass spectrum of small fluctuations, our approach 
can also be useful in searching for new supergravity solutions. In particular, it is interesting to look for 
domain wall solutions which interpolate between different vacua.     
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